Covering constant of a star domain  by Hans-Gill, Rajinder Jeet
JOURNAL OF NUMBER THEORY 2, 298-309 (1970) 
Covering Constant of a Star Domain 
RAJINDER JEET HANS-GILL 
Department of Mathematics, Parzjab University, Chandigarh-14, India 
Communicated by R. P. Bambah 
Received September 10, 1969 
The covering constant of a star domain bounded by arcs of four equal inter- 
secting circles is determined. All maximal covering lattices of this region are 
also obtained. 
1. Let A, ,..., A, be n linearly independent points in the n-dimensional 
F.uclidean space R, . The set d = {ulA, + *** + u,A, : u1 ,..., u, integers) 
is called a lattice. A, ,..., A,, is called a basis of fl. If Ai = (ai1 ,..., ain), 
then &l) = 1 det&)l is called the determinant of /1. It is independent 
of the choice of a basis of A. 
Let S be a set in R, . A lattice fl is said to be a covering lattice for S 
if every point of R, lies in some translate of S through a point of A. 
The covering constant of S is defined by c(S) = sup &I), where rl runs 
over all covering lattices for S. (Define c(S) = 0 if S has no covering 
lattice.) A covering lattice fl for S is called a maximal covering lattice 
for S if d(A) = c(S). 
A fundamental problem in Geometry of Numbers is to determine the 
covering constant of a given set. Fary [6] gave a method for determining 
the covering constant of a plane convex domain. Not much work has 
been done on lattice coverings by non-convex bodies. Some results of 
Cassels [l], Davenport [2], [3], [4], Ennola [5], Pitman [9], are equivalent 
to some upper and lower estimates for the covering constants of I xy / < 1, 
I x(y2 + z2)j < 1 and (x2 + v2)(z2 + u”) < 1. The author [7] obtained the 
covering constants of three polygonal regions and pairs of equal inter- 
secting circles for different positions of the centres. 
In this note, we obtain the covering constant of a star domain bounded 
by arcs of four equal circles and determine its maximal covering lattices. 
The critical determinant and critical lattices of this region were determined 
by Ollerenshaw [8]. More precisely we prove the following 
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THEOREM A. Let 
S = ((x, y) : min((x * 1j2 + (y f 1)“) < 2) 
(See Fig. 1.) 
Then 
c(S) = n,42zn,2f(e) (1) 
where 
r(e) == 8 + 2/2 (3 sin 0 + cos 0) + t/Z dl2 + 2 42 (3 sin 8 - ~0s e) 
(2) 
FIGURE 1. 
The maximal covering lattices of S are of the type Tr, where T is an 
automorphism of S and I’ is the lattice generated by the points 
where 
a, = -1 + qzcos 8, 
a2 = 3 + d/z sin e. 
and B,, is the unique real number where the maximum off(O) is attained 
in the interval [7r/4, r/2]. 
2. The following lemma can be easily proved: 
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LEMMA. Let K be a set in R, with volume C;. Let fl be a covering 
lattice *for K. Let A + 0, A E /I. Suppose that the volume oj’ K n K $ A 
is V’. Then 
d(A) <. v ~ I”. 
COROLLARY A. Let K be the square / x 1 < 1 + &‘, j y 1 2;. 1 + dz. 
If A is a covering lattice for K which has a nonzero point A in K, then 
This is an immediate consequence of the above lemma, because area 
of the square is 4(1 + 2/Z)z and for A in K area of K n K + A is at 
least (1 + 2/2)2. 
3. Proof of Theorem A. Let fl be a covering lattice for S. We shall prove 
that d(A) < f(c9,) and equality holds if and only if (1 = TI’. 
On considering the point P = (0,2) on the boundary of S we see that 
there is a nonzero point A in fl such that S + A contains P. Hence 
A ES + P. On applying an automorphism of S and replacing fl by a 
covering lattice with the same determinant, if necessary, we can assume 
that A = (a, , a,), where a, < 0. It is easy to see that if 
A E(S + P)n {X < 0} 
so does the line segment OA. Hence we can assume that A is a primitive 
point of fl. If a2 < 1 + 42, then A lies in the square K defined by 
I x j < 1 + ~‘2, I y / < 1 + 42. Since K contains S, (1 is also a covering 
lattice for K. By Corollary A it follows that 
44 < 9 + 6 42 <f(+) <f(4,). 
Hence we can assume that a2 > 1 + z/Z. 
Let S, , S, , S, , S, denote the circles of radius ~‘2 and with centres 
(1, l), (-1, l), (-1, -l), (1, -1) respectively. Then A lies in 
S, + P n {X < O} n {JJ > 1 + ~2). 
Now consider the point L = (a, + 2, az). It lies on the boundary of 
S + A and it can be easily seen that L does not belong to K + mA and 
hence to S + mA, for any integer m f 1. Hence there is a point B in (1 
linearly independent of A such that S + B contains L. Therefore 
B~S+L.LetB=(b,,b,).Ifb,<a,+~/Z+lthenBliesinK+A, 
therefore B - A lies in K and the result follows from Corollary A. So we 
can assume that b, > a, + tiZ + 1 3 0. Then b,a, - b,a, > 0. On 
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drawing tangents to the circles S, + L and S, + L, parallel to the line OA, 
we see that 
44 < ha2 - b2al -G 34 - al + z/Z v’alz + uz2 = d(al , a2) (say). 
Not all choices of A and B in their respective domains will generate 
a covering lattice for S. So we do not proceed to determine the exact 
maximum of +(a,, uJ. If A lies below the line joining the points 
M = (- 1, 3) and N = (0,4), then a2 < a, + 4 and 
&al , a2) < 12 + 2a, + 2 z/al2 + 4a1 + 8 = #(al) (say) 
2@, + 2) 
when a, > -2 and hence for the points A under consideration. 
Therefore #(al) attains its maximum at a, = 0. It follows that 
q5(ul , a2> < 12 + 4 q/z =f(n/4) <A&). 
It is also easy to verify that if A lies in the circle with center (- d2, 2) 
and radius d/2, then +(ul , u2) <f(r/2) < f(&,). Hence we need consider A 
lying in the region R (shaded region in Fig. 2) defined by the inequalities 
(x + II2 + (v - 3)2 < 2 
y>x+4 
When A E R, 
(x + q/z>2 + (y - 2)2 > 2. 
-I-dZ<u,<O, 3<a2<3+2/2 
Therefore 
$(a,, a,) < 10 + 4 fi + 2 d7 + 4 d/z < 2f(n/4) < 2f(&). 
Hence if A, B do not generate (1 we shall have d(A) < f(f$,). So we can 
assume that A, B generate A. Now consider the point Q = (x1 , vl), where 
(3) 
A = t al2 + (i, - 2)2 - 1) 
112 
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FIGURE 2. 
Q is that point of intersection of S, and S, + A which lies on the boundary 
of S u S + A. When A E R, x1 < 2, y1 > 2. Because otherwise we shall 
have x, > 2 and y1 < 2. These inequalities imply 
(4 - a,>/-a, 3 A >, (2 - %)/(a2 - 2). 
On simplification we get 
(a, - 1)” + (a, - 3)2 < 2 (4) 
But the line MN is tangent to the circle (x - 1)” + (y - 3)2 = 2 and 
this circle lies below this line. So no point of R can satisfy (4). 
It is easy to verify that Q does not belong to K + nA and hence to 
S + nA, for any integer n f 0 or 1. Hence Q must be covered by a set 
S + C, C E A, C linearly independent of A. Then 
C = (~1, ~2) E S + Q C K + Q. 
So we have 
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Therefore 
--@,) < -12 - 4 1/z < c,a, - C&l < 17 + 10 $0 < Zjii&) 
Since d(A) < / c,u, - ~,a,) 1, we shall have d(A) < j(@,J if c,a, - c,u, is 
negative or if points A and C do not generate A. Therefore we can assume 
that c,u, - c,u, > 0 and points A, C generate A. Hence we must have 
B = mA + C for some integer m. Therefore, since 
a, + 1 + ~‘2 e b, < al + 2 + 1 + d/z 
u2 - 1 - ~0 < b, d u2 + 1 + 1/2 
we have 
al + 1 + d/z d ma1 + cl < al + 3 + d/z (64 
u~--1--~~~mu2+c,~u2+1+~/Z (6’3 
If m I> 2, then from the right side of the inequality (6b) and the left side 
of inequality (5b) we have 
(m - 1) a2 < (1 + 1/Z) - c2\(1+~/z+1/2-l=222<3 
Therefore u2 < 3, which is not true for points of R. If m < -2, then 
from the left side of the inequality (6b) we get 
(m - 1) u2 > -c2 - 1 - d/z 
On using (5b) we get 
4 < (c, + 1 + 1/2)/3 < (2(1 + 1/2) + (1 + t/Z))/3 = 1 + G! 
which is not true for points of R. 
If nz = - 1 and u2 < 4, then using (6a) and (5b) we get 
ClU2 - c,u, < (2a, + 3 + 2/2> a2 - 2u,(l + 42) 
= (3 + d/z) u2 + 2Ul(U2 - 1 - 42) 
d 12 + 4 v/z = f(T/4) < f&) 
Ifm= -landu,>4,then 
b2 = -a2 + c2 < -a2 + 2(1 + ~‘2) < -4 + 2(1 + d2) 
= 2(4/z - 1) < u2 - 1 - $0 
which is not possible because B E S + L. 
Hence we can now suppose that either m = 0 or m = 1, i.e. B = C 
or B = A + C. Thus we have two possibilities to consider 
(0 C E (S + Q> n (S + ~9 
(ii) C E (S + Q) n (S + L - A) = (S + Q) n (S + (2,O)) 
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Moreover, we can assume that C does not lie in K or K - A. One can 
easily see that we need consider C lying in the following three regions 
G = (Sl + L) I-J (& + P) 
F2 = (S, + L) n (S, I Q) 
G = (S, + p> n (Sl + (2, 0)) 
(See Fig. 3.) 
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FIGURE 3. 
Boundaries of S, + L and S, + Q intersect in the points L = (aI + 2, az) 
and U = (x1 + 2, y1 + 2). U lies outside or on the boundary of S, + L. 
Also U lies below the point (al + 3 + d/z, a, + I), because otherwise 
y, + 2 > a, + 1 and then 
a2 --- 
2 
;A >a,- 1. 
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It follows that 
(a1 + 2/2j2 + (a2 - q2 < 2. 
But no point on R can satisfy this inequality. Therefore the tangent 
at U to S, + A has positive slope. Also the tangent at U to S, + Q has 
slope - 1. Thus Y1 has a tat line at U parallel to the line OA. Therefore 
a: = my det(C, A) = det( U, A) = (xl + 2) a2 - (y, + 2) a, . 
1 
fl =I ~2 det(C, A) = max det(C, A) = 3a, + a, + ~~ l/a,2 + a22 
2 CESP+L 
This follows because the lines a,x - a,y = 3a, + a, f I/Z da,2 + a22 
are tangents to S, + L. Since c,a, - c2al is positive, we take the positive 
sign for the maximum. The corresponding tangent is drawn at the point 
B z= (aI + 3 + <d a2)/v’a12 + a22 9 a2 - 1 - (4 a,)/dqT-iQ) 
y == ;y det(C, A) = max det(C, A) 
= (xl ; 1) a2 - a,( y:Y) + d\/z x/al2 + a22 . 
Now we shall determine the maximum of 01, /3, y for A E R. 
a<y iff a2 - 3a, < fi dm 
ifF (7a, + a2)(al - a21 < 0 
iff 7a, + a, > 0. 
Thus we have to consider functions /3, y for A E R n {7x + y > 0} = R, 
and (Y, p when A E R n {7x + y < 0} = R, . 
For fixed a2, p is an increasing function of a, (since a, + a, > 0). 
Therefore the maximum of p for A E R occurs on the part of the boundary 
consisting of the line segment MN and the circular arc NG, where 
G = (- 1, 3 + &?). We already know that if A lies on the segment MN, 
then the value of d(A) does not exceedf(r/4) which is the value of 01 at N. 
Therefore the maximum of ,6 occurs at a point of the arc NG. On this arc 
we can write A = (-1 + d/z cos 8, 3 + 42 sin e), ~-14 < 0 < rrj2. 
Thus 
j3 == 8 + d/z (3 sin 8 + cos 0) + 1/Z d12 + 2 V5 (3 sin 0 - cos 0) 
== f (e). 
Since f ‘(0) is a decreasing function in 7~14 < 8 < ~12 and f ‘(r/4) > 0, 
f’(~-/2) < 0, it follows thatf(0) attains its maximum for a unique value of 
e = 8, , 7T/4 < e. < n~2. 
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On substituting for x1, y1 we find that 
y=2a,+a,+~‘2~+ a2@2 - 2) -I- aI2 x 2 . 
Put a, = -r sin 0, a2 = 2 + r cos e, 0 < 9 < +, r > 0 for 
of R, . Then 
y = 4 + r(2 cos 8 - sin 0) + d/z d/4 + r2 + 4r cos 8 
points 
2r cos 6’ f r2 
+ 2 
8 
---1 r2 
For tied r, y decreases as 0 increases between 0 and 7~14. Therefore the 
maximum of y is attained either on the segment MN or on the arc NG 
of the circle with center (- 1, 3) and radius d/2. But we already know 
that d(A) <f(v/4) if A lies on the segment MN. Therefore we need 
consider y only when A lies on the arc NG. In this case P lies on the 
boundary of S, + A. Hence P is the point of intersection of boundaries 
of S, and S, + A, other than Q. (Of course, P = Q if the two points of 
intersection coincide.) Therefore 
a, + 2 -- 
2 
!!+A=() 
and 
Consequently 
4+!p-2. 
al + 2 
x,=2+ 5phl+2 
Therefore when A lies on the arc NG 
y = 3a, + 3a, f v9 dT$JYQ. 
Since a, < 0, it follows that y < /? at each point of the arc NG, and there 
is strict inequality unless A = N. 
Thus we see that maximum of the functions j3 and y for A lying in RI 
is attained by /I on the arc NG. By an earlier remark the maximum is not 
attained at N. 
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Now we consider the function 
01 = (Xl + 2) a2 - (Vl + 2) a,, 
for A E R2 . For fixed (x1 , JQ, A = (a, , aJ lies on the boundary SY of 
the circle with center (x1 - 1, yI + 1) and radius d/z. Maximum of 01 for A 
lying on W occurs at one of the points where the tangent to A? is parallel 
to the line (x1 + 2) y - (yI + 2) x = 0. These tangent lines are 
(Xl + 2)Y - (Yl + 2) x = -(v1 + 2)(x1 - 1) + (Xl + WI + 1) 
Therefore, 
f 42 z/(x1 + a2 + (y1 + 2)2 
= 4 - Xl + 3Y, f d/z 4x1 + 2)2 + (y, + 2)2 
0 < a! d 4 - Xl + 3Yl + VT! d/(x1 + 2J2 + (Ul + q2, 
where Q = (x1 . JJJ lies on the arc PP’, where P = (0,2) and P’ = (2,2), 
of the circle S, . Put x1 = 1 + q/z cos 8, y1 = 1 + d/z sin 8, 
-rr/4 el 6’ < 37r/4. Then 
a < 6 + d/z (3 sin 19 - cos e) + & d20 + 6 ~‘2 (sin tI + cos 6) 
= g(e) (say). 
f(e) -- g(@ 
= 2+22/2Cosd+2d6+ -\/2(3sinB--cos8) 
- 2 2/10 + 3 1/Z (sin 8 + cos 19) 
= (2 + 2 $4 cos e) 
x l- 
[ 
4 
~‘6 + d/z (3 sin 0 - cos 0) + d/l0 + 3 42 (sin 0 + cos 0) 1 
which is clearly positive. 
When r/2 < 0 < 3714, changing B to 7r - 8 we can replace g(B) by 
the function 
h(8) = 6 + 2/2 (3 sin B + cos 0) + 42 420 + 6 2/2 (sin 8 - cos (7) 
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where now z-14 < 0 < x/2. Then 
f(e) - A(@ 
= 2 + V5 412 + 2 d/z (3 sin 0 - cos 0) 
- 1/i 420 + 6 ~9 (sin 0 - cos l3, 
2 42 ,_.--8m~- -- 4 d2 cos I9 = - _.._~~~~ 
\/12 + 2 2/2 (3 sin 0 - cos 0) + 420 + 6 42 (sin 8 - cos 0) 
>, 2 - (8 d2)/(&2 + $20, > 0. 
Thus we see that maximum of the functions IX and fl for A lying in R, is 
attained by p on the arc NG. 
Summing up, we have shown that maximum of functions 01, /3 and y 
for A E R is attained by 6 on the arc NC. On this arc 
p = f(0) = 8 + z/z (3 sin 0 + cos 0) 
+ 42 d12 + 2 -\/Z (3 sin % - cos 0) (Tf/4 < 0 < n/2). 
Therefore if/l is any covering lattice of S, then 
and equality occurs only when A is of the type Tr where T is an auto- 
morphism of S and r is generated by A = (a1 , az) and 
B= a,+3+--------, 
i 
d2 a2 
z/‘a12 + a22 
where 
a, = -1 + jL2cose, 
a, = 3 + 1/Z sin 8, 
It is easy to show that triangle OAB is covered by the sets S, S + A 
and S + B. Hence r is a covering lattice for S and consequently it is the 
unique maximal covering lattice of S up to automorphisms of S. 
Author is grateful to Professor R. P. Bambah and Dr. V. C. Dumir 
for some useful suggestions. 
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